Abstract. This short paper gives another proof of the infinitude of primes by using upper box dimension, which is one of fractal dimensions.
A prime number is a natural number grater than 1 whose divisors are only 1 and itself. This number has been fascinating human beings for very long time. The first result on prime numbers was given by Euclid in 300 B.C. He showed the infinitude of primes:
Theorem 1 (Euclid). There are infinitely many prime numbers.
His proof is arithmetical and simple (see [H, Book IX Proposition 20] ). Nowadays, one can find many different proofs of the infinitude of primes. Surprisingly, the number of them is at least 183 from [M] . This paper also gives another proof of the infinitude of primes. We mainly use properties of upper box dimension and the fact that any natural number grater than 1 can be written as the product of prime numbers (the uniquness of the factorization is not required). This is a new method as far as the author knows.
We firstly define upper box dimension. Let F ⊂ R be a bounded set, and δ be a positive number. A family of sets
where N (F, δ) denotes the smallest cardinality of δ-covers of F . We refer [F, R] to the readers for more details.
In order to prove Theorem 1, we show the following lemma:
where CD = {cd ∈ R : c ∈ C, d ∈ D}. It immediately follows from the induction and Lemma 2 that
for all bounded sets C 1 , . . . , C n ⊂ R.
Proof of Theorem 1 assuming Lemma 2. Let 1/N = {1/n : n ∈ N}. From [F, Example 3.5], we find that
Let A(p) = {1/p k : k = 0, 1, 2, . . .} for every prime number p. It follows that dim B A(p) = 0. Indeed, for every 0 < δ < 1/2 it is found that
This yields that N A(p), δ ≤ 2 + log(2/δ) log p , which implies that
Assume that there are finitely many prime numbers p 1 , . . . , p n . Then we have 1/N = A(p 1 ) · · · A(p n ) since any natural number grater than 1 can be written as the product of prime numbers. Therefore we obtain
from (1), (2), and (3). This is a contradiction.
Proof of Lemma 2. Fix any 0 < δ < 1/2. Let R be a sufficiently large number such that
j=1 be δ/(2R)-covers of C and D, respectively, where we define
which means that the diameter of U i V j is at most δ. Furthermore, it is clear that 
